AN ISOPERIMETRIC DEFICIT FORMULA

PETER MCGRATH

ABSTRACT. We prove a geometric formula for the isoperimetric deficit of
a smooth domain in a constant curvature model space.

If v is a simple closed curve of length L in the plane bounding a region of
area A, the classical isoperimetric inequality asserts that L? — 4w A > 0. More
generally, if the curve « lies in one of the constant curvature model spaces
H? R2, or S?, then L? — 47 A + K A% > 0, where K is the Gaussian curvature
of the ambient space. In each case, equality holds precisely when -y is a circle.

A large body of work has focused on stability in the isoperimetric inequality.
The basic idea of such work is to show that the isoperimetric deficit L% —
47 A + KA? bounds a nonnegative quantity measuring the asymmetry of the
underlying curve -, so that a curve with small isoperimetric deficit is then close
to a circle in a quantitative way. In reference to Bonnesen’s work [3] on the
topic in the 1920s, Osserman [8] calls any inequality of the form L? — 47 A +
K A? > B a Bonnesen inequality, provided the quantity B is non-negative, has
geometric significance, and vanishes only when ~ is a geodesic circle.

Theorem. Let Q) C M? be a domain with C' boundary, where M? is R?, S?,
or H2. Let A be the area of Q and L the boundary length. Then
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(0.1) L? —4nA+ KA? = = / [ve — Ruy|? ds,ds,,

where K is the curvature of M, v is the unit outward pointing normal field
along 00, and R is the reflection in M sending x to y.

FIGURE 1. A portion of a boundary curve, two boundary

points and their normals, and the reflected vector Ry,,.
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On the right hand side of (0.1), we have defined a notion of asymmetry based
on comparing the outward pointing normal vectors of the boundary points. To
be more precise, note that given distinct points x,y € M2, where M? is either
H2, R2, or S?, there is a unique involutive isometry R : M? — M? sending x
to y. We call R a reflection. In the vicinity of a pair z,y of boundary points,

|ve — Ry |? measures the asymmetry of the domain under R.

Background.
When  is a convex domain in R2, (0.1) is equivalent to a formula first
derived by Pleijel [9], who concludes after simplifying an integral over the

space of oriented lines intersecting €2 that

L? —4rA =2 / sin® (0, — 0,) ds,ds,,

IAx 0N
where 6, and 6, are the angles the tangents to 9€2 make with the line passing
through = and y. Using trigonometric identities, it is not difficult to see that
(using the notation of (0.1)) 2sin® 3(6, — 6,) = 3|v, — Ry |2
Banchoff and Pohl [1] later generalized Pleijel’s result, replacing 02 with a

general and possibly non-simple smooth curve v in R? and proving

L? —4x /]R w?(p)dA =2 / sin® 1(0, — 0,) ds,ds,,
Yy
where given p € R?, w(p) is the winding number of v about p. Other authors
[7, 10] have proved isoperimetric inequalities in related settings by computing
double boundary integrals.

Another notable result is due to Chakerian [4], who proves that the area A
and boundary length L of a two-dimensional minimal surface in R” bounded
by a curve 7, normalized so that the position vector field X on R" satisfies
fﬁ/ Xds = 0, satisfy
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X — —v| ds.
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Beginning with the breakthrough work in [5], the last decade has seen a
renewed interest in stability in the isoperimetric inequality. Fusco and Julin
[6] have proved a stability inequality which is particularly interesting in com-
parison to (0.1). Although their results hold in much greater generality, in the
special case that 2 C R? is a domain with smooth boundary and is normalized
to have measure || = 7, Fusco and Julin define an asymmetry index A(Q2) by

yER?

1/2
A(Q) = min {|QABl(y)| + </as2 lva(z) — Z/Bl(y)(wy(x))|2dsz> } ,

where QAB; (y) denotes the symmetric difference (2 \ By (y)) U (Bi(y) \ ),
Bi(y) is the unit ball centered at y, m, : R* \ {y} — Bi(y) is the radial



projection, and prove that
A(Q)? < C(L — 2n),

where C' is a constant which is independent of 2. We note that Bogelein,
Duzaar, and Fusco [2] have recently proved an analogous inequality for domains
in the sphere S™.

The Proof.
We first consider the euclidean case. It is convenient to define r := |z — y|
and denote derivatives with respect to = or y by appropriate subscripts, so that

V,r = —Vyr = £(z —y). In this notation, we have that Ruy, = v, + 225V, r,
Y

T

where 22 := (V,r,1,), so that
1 2 or
§‘VI_RVy| :1_<Vy+2ayyvx7"ﬂ/z>~

Next, using that v, is a constant vector field with respect to z, compute

diVJL’ (arvzr> - <V:1:6ravx'f'> + ﬁAz’f’
Ovy Ovy Ovy
— (V20)(Var,vy) + (;ZAJ
1o
Croy,’
where we have used that the hessian V2r satisfies V2r = rdf @ df in local
polar coordinates centered about x.

Combining the above items with the divergence theorem, we find

1 1
= / |1/w—R1/y|2:L—2 / fﬁ.
2 r Oy

€N e

Integrating again and using Fubini’s theorem, we conclude that

1 9 o 1 0r
5 / |vy — Ruy|“ dsgzdsy = L —2/ / " oy

9% 00 2€Q yedn
:L2—2/ /Aylogr
zeQ ye
= L? — 47 A,
where we have used that % a‘c’;fy = % and that Ay logr = 2md,_,. This

completes the proof of (0.1) in the euclyidean setting.

We now consider the case where M? is either S? or H2. For uniformity of
presentation, we find the following notation convenient. We embed M? in R?
by

M?* = {z e R?: (z,z) =1},
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where in the case of H?, (,) denotes the Lorentzian scalar product on R? = R?1
defined by (z,y) := —x1y1 — T2y + x3y3, and in the case of S2, (,) represents
the usual euclidean inner product on R3. To avoid confusion, we denote the
induced Riemannian metric on H? with a dot -, so that given u,v € T,H?, we

have u - v := —(u, v).

Notation 0.2. When we write an equation involving one or several instances of
the expressions + or F, we mean that the equation with the top argument(s)
holds on S? and that the equation with the bottom argument(s) holds on H?.
For example, the isoperimetric inequality can be written L? > 47A ¥ A2 in
this notation.

The following lemma collects some facts used in the proof below.

1

Lemma 0.3. (i) §|VI _ Rl/y|2 — 15 (vve) F W
.. . <l‘, Vy> . <x7yy>
(i) divy (1/;— + Hwy‘r> R s
2T
(i) divy <1<:vy>) =1 F 4m0.

Proof. Since R is induced by the ambient Euclidean or Lorentzian reflection
interchanging x and v,

Rvy = vy —2(vy,x — )

— (vy, ) —

B 1—(z,y

Because Ry, and v, are unit vectors we then find (recall 0.2)

1
§|1/w — Rl/y|2 =1F (Ruy, vy)
(i 12 )

1—(z,y
(z,vy) >

The following observation will be useful below: given a constant vector field

Ti=w — (w,z)z to M? satisfies

w on R3, its tangential projection w
(0.4) div,(w') = —2(z, w).

This is easily checked in local coordinates; when M = S2, (0.4) is an immediate
consequence of the fact that the coordinate functions z* satisfy (Agz+2)z! = 0.



For (ii) we compute using the product rule and (0.4)

dive (;;yT + M) _ _2<Vy,x>+<VJ7yTi:?ia’:,yl;yﬂx,w (<1x,_y12;|’y;>|)22
— oy, @) + vy, y") — 2(3:,1/yl><jr,<yx>’ ; (z,1,)(1 + (z, 1))
= oy ¢ VD) )
)+ v,y (o)

1—(z,y) 1—(a,p)

where we have used that |y"|> = 1 — (z,y)? and (v, ,y") = —(z,y)(z, 1) to
simplify.

For (iii), compute also using (0.4)

o zT  —2x,y) (xT, 2T B
d Y (]‘ - <£L'7y>) B 1- <x,y> * (1 - <£L’,y>)2 B 1,

where we have used that (z7,27) =1~ (2,9)% = (1 — (z,y))(1 + (z,y)). This
completes the calculation in (iii) for = # y.
Now fix € M? and let U C M? be a domain containing z. By the

divergence theorem,

/ L vy / ) < ! ) / ! . vy
—_— = divy | ——F— | + _
oUu 1- (x,y} U\Bc(x) I <Ivy> OB:(x) 1- <‘T7y>

where the last v, is the outward pointing normal to the B.(x). We now consider
the cases M = S? and M = H? separately. When M = S?, elementary
geometry shows that on 0B.(z), v, = ((z,y)y —x)/(1 — (z,y)?)}/2. Using this
and that 2" - v, = (z,1,) on S2, we find

. a’ - Vy . <3c,y>2 -1
lim —— = lim
=N\0 1—(z,y) =\o0 (1= (z,y))(1 = (z,y)?)/?
9B (x) OB (x)
1/2
N0 1- <l’, y)
OB, (x)
= —4m,

where we have used that (z,y) = cose on 0B (). A similar calculation shows
the required result on M = H?, using there that on dB.(x), (z,y) = coshe

and v, = ((z,9)y — 2)/((z,y)* = 1)/, 0



P. MCGRATH

We are now ready to complete the proof of the theorem in the nonzero

curvature case. Using Lemma 0.3 we have

Int

(1]
(2]
(3]
(4]
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(8]
[9]

(10]

1 (x,vy)
Z - — Ry, |2 =1L ERutid VENTRR
2 / |V Vy| :F / <VU+ 1_ <$7y>yvy >

€0 €00
—r— [ aiv, (o] + T
/ v (Vy - 1_<may>y
zeQ
—L- / wvy)
1_<$,y>
z€Q

egrating over y € Q2 and changing the order of integration, we have then

1 (x,vy)
Z . — Ru,|? dsyds, = L? — / / YL
2 / v = Ry [ dssdsy 1= (z,y)

IOX 0 2EQ yEIN

-it= [ o (=)

TEQ YEQ

:LQi/ /1;4@

zeQ yeN
= L2+ A% — 47 A.

REFERENCES

Thomas F. Banchoff and William F. Pohl. A generalization of the isoperimetric inequal-
ity. J. Differential Geometry, 6:175-192, 1971/72.

Verena Bogelein, Frank Duzaar, and Nicola Fusco. A quantitative isoperimetric inequal-
ity on the sphere. Adv. Calc. Var., 10(3):223-265, 2017.

T. Bonnesen. Uber das isoperimetrische Defizit ebener Figuren. Math. Ann., 91(3-
4):252-268, 1924.

G. D. Chakerian. The isoperimetric theorem for curves on minimal surfaces. Proc. Amer.
Math. Soc., 69(2):312-313, 1978.

N. Fusco, F. Maggi, and A. Pratelli. The sharp quantitative isoperimetric inequality.
Ann. of Math. (2), 168(3):941-980, 2008.

Nicola Fusco and Vesa Julin. A strong form of the quantitative isoperimetric inequality.
Calculus of Variations and Partial Differential Equations, 50(3):925-937, Jul 2014.
Frédéric Hélein. Inégalité isopérimétrique et calibration. Ann. Inst. Fourier (Grenoble),
44(4):1211-1218, 1994.

Robert Osserman. Bonnesen-style isoperimetric inequalities. The American Mathemat-
ical Monthly, 86(1):1-29, 1979.

Arne Pleijel. Zwei kurze beweise der isoperimetrischen ungleichung. Archiv der Mathe-
matik, 7(4):317-319, Oct 1956.

Andrew Stone. On the isoperimetric inequality on a minimal surface. Calc. Var. Partial
Differential Equations, 17(4):369-391, 2003.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA, PHILADELPHIA PA 19104

Email address: pjmcgrat@sas.upenn.edu



