On the Smooth Jordan Brouwer Separation
Theorem

Peter McGrath

Abstract. We give an elementary proof of the Jordan Brouwer separation theorem for smooth
hypersurfaces using the divergence theorem and the inverse function theorem.

Theorem 1. Let ¥ C R" be a smooth, closed, connected, orientable hypersurface.
R" — X is a disjoint union of two connected open sets each of which has boundary %.

The standard differential topology proof of Theorem 1 (e.g., see [2]) uses mod 2
intersection theory and requires Sard’s theorem and the transversality theorems as
necessary technical ingredients. Here, we forgo Sard’s theorem and instead use the
fundamental solution of Laplace’s equation and the divergence theorem for technical
power. Our proof uses the tubular neighborhood theorem to establish local candidate
“inside” and “outside” sets that we are able to consistently extend to all of R” — ¥ by
the divergence theorem.

We call a subset £ C R" a smooth hypersurface if for each p € ¥ there is an open
set U C R" containing p and a smooth map W : U — R such that VW (p) # 0 and
U~1(0) = T NU. Wesay avector v € R" is normal to X at p if v is parallel to VW (p).
Finally, we say X is orientable if there exists a smooth vector field 72 : ¥ — R” such
that [n,| = 1 and 71, is normal to ¥ for each p € X.

Proof. Fix a choice of a unit normal vector field 77 on . A corollary of the inverse
function theorem and compactness of X is the tubular neighborhood theorem.

Lemma 1. There exists € > 0 such that ¥ x (—e, €) is diffeomorphic to
Ne={p+tn,:|t|]<e,peT}CR"

by the map (p, 1) — p + ti,,. Moreover, each point ¢ = p + 71, in N, has a unique
closest point in X, namely p.

The proof is simple; the interested reader may find it for instance in [3].

For a subset S C (—e€, €), we denote X5 by the image of X x S under the above
diffeomorphism; likewise, we denote X, by the image of X x {s} for |s| < €.

It will be convenient to use the fundamental solution of Laplace’s equation & :
R"/{0} — R defined by

1

2—10glyl (n=2)
d(y)=1" 4 . 5

mm (n > 2).
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We use below the standard fact (cf. [1], p. 22) that for each fixed x € R”, the function
D, (y) := ®(y — x) satisfies AD, = 0, where the laplacian is taken with respect to y.
We fix some notation. For an open bounded subset U C R" for which U is C', we
denote by v the unit outward normal vector field on dU. For smooth functions f, we
denote &L := Vv f - v. For a vector field F on U, we recall the divergence theorem:

v
/diV(F) =/ F-v.
U U

Of course, when U C R?, this is the familiar version from multivariable calcu-
lus (e.g., [4], section 16.9). Taking F = V f, the divergence theorem reads fU Af
= faU % Also, for v € R", denote by T,(M) = {p + v : p € M} the translation of M
by the vector v. We endow the surfaces X for |s| < € and their translates the natural
choice of a unit normal coming from 7 and denote it by the same symbol by abuse of

notation.
Define Fy : R" — ¥ — R by

3D,
Fz(x)=/ an
)3 n

Lemma 2. Fy is locally constant.

Proof. Fix x ¢ ¥ and an €; with 0 < €, < € such that x ¢ X,). Then X, and X
bound the open set X ). By the divergence theorem and the fact that A®, = 0 on

(0,¢,)» it follows that
0D, 0d,
/ = / 9P (1)
261 n ) 8}’1

Now let v be a vector in R"” with |v] < €;. Then T, (X) and %, bound an open subset
of ¥(_¢, ¢), so using the divergence theorem in the same way yields

0D, 0D,
5 = —. )
5, on T,x) 0N
Combining (1) and (2) gives us
0D, 00,
L]
s On 7,(x) on,
which after the change of variables y = y + v gives Fx(x) = Fx(x — v). [ |

Define
Q) = {x € R" — X : x is path connected to oco}.

Because X is compact, there is a sufficiently large R > 0 such that the ball Bg(0)
contains X. Hence, €2, is well defined, open, and connected. By shrinking R, we may
assume that d Bg(0) N (N, \ £) # ¢. Since the sets X, and X(_. ) are path con-
nected, it is easy to see €2; contains at least one of the sets X and X_.); after
possibly changing the choice of 71, we suppose (o) C 2.
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Lemma 3. Fx(x) = 0forx € ;.

Proof. Compute V&, = m(y — x) so for large |x]|,

1 -
Fs(x) =/ —(y —x) - 1.
) a)n|y _xln

Then by the Cauchy—Schwarz inequality,

1
|Fx ()| 5/ —
b wn|y —X|

and so limy o Fx(x) = 0. The lemma follows by using Lemma 2 and taking
|x| — oo. m

Figure 1. A cartoon representation of an “exotic” surface ¥ C R? to which Theorem 1 applies.

Now fix x € ¥, 0 and pick § > 0 small enough so that B(x,§) C X, .
Applying the divergence theorem to the open set bounded by 9B(x, ), ¥ and X_

we have
/8¢x+/ aq>x+/ 00, _,
) B;i 2761 v 3B (x,8) v

By the argument in Lemma 3 with ¥_,, taking the role of X, fz 9% — (). A direct
—q

av
computation shows [, . %% = 1 so then Fy(x) = —1.
Define

Q={xeR"—2: Fs(x)=—1}.
By the above calculation, X_. o) C €2,. Combining this with the fact ¥ ) C €2; and

the observation that R" — X splits into path components, each of which has boundary
contained in X, it follows that R” — ¥ = Q; U €2, and the theorem is proved. [ |

294 (© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 123



REFERENCES

1. L. Evans, Partial Differential Equations. Second edition. American Mathematical Society, Providence, RI,
2010.

2. V. Guillemin, A. Pollack, Differential Topology. Prentice-Hall, Englewood Cliffs, NJ, 1974.

3. E. Lima, The Jordan—-Brouwer separation theorem for smooth hypersurfaces, Amer. Math. Monthly 95
(1988) 39-42.

4. J. Stewart, Calculus. Sixth edition. Brooks/Cole, Belmont, CA, 2008.

Box 1917, Department of Mathematics, Brown University, Providence RI 02912
Peter_Mcgrath@brown.edu

March 2016] NOTES 295



	An Identity of Carlitz and Its Generalization

